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THE LARGE-SCALE GEOMETRY OF RIGHT-ANGLED
COXETER GROUPS
PALLAVI DANI
Abstract. This is a survey of some aspects of the large-scale geometry of
right-angled Coxeter groups. The emphasis is on recent results on their nega-
tive curvature properties, boundaries, and their quasi-isometry and commen-
surability classification.
1. Introduction
Coxeter groups touch upon a number of areas of mathematics, such as represen-
tation theory, combinatorics, topology, and geometry. These groups are generated
by involutions, and have presentations of a specific form. The connection to ge-
ometry and topology arises from the fact that the involutions in the group can be
thought of as reflection symmetries of certain complexes.
Right-angled Coxeter groups are the simplest examples of Coxeter groups; in
these, the only relations between distinct generators are commuting relations. These
have emerged as groups of vital importance in geometric group theory. The class of
right-angled Coxeter groups exhibits a surprising variety of geometric phenomena,
and at the same time, their rather elementary definition makes them easy to work
with. This combination makes them an excellent source for examples for building
intuition about geometric properties, and for testing conjectures.
The book [Dav08] by Davis is an excellent source for the classical theory of
Coxeter groups in geometric group theory. This survey focusses primarily on de-
velopments that have occurred after this book was published. Rather than giving
detailed definitions and precise statements of theorems (which can often be quite
technical), in many cases we have tried to adopt a more intuitive approach. Thus
we often give the idea of a definition or the criteria in the statement of a theorem,
and refer the reader to other sources for the precise details. The aim is to give the
reader a flavor of what is known about right-angled Coxeter groups. A number of
results about right-angled Coxeter groups follow from more general results about
Coxeter groups. In such cases, we have stated the right-angled version.
The survey is organized as follows. In Section 2 we start with some basic def-
initions (including the definition of a right-angled Coxeter group) and some pre-
liminary results that are used in the rest of the article. In Section 3, we consider
actions of right-angled Coxeter groups on various non-positively curved spaces. In
particular, we give an idea of the construction of the Davis complex associated
to a right-angled Coxeter group; this is a CAT(0) cube complex which admits a
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proper cocompact action by the group. We also discuss hierarchical and acylin-
drical hyperbolicity, which are of great current interest. In Section 4, we discuss
visual boundaries of CAT(0) spaces and hyperbolic spaces, and illustrate how right-
angled Coxeter groups have played a role in the quest to explore the extent to which
properties of boundaries of hyperbolic spaces hold in the CAT(0) setting. We also
discuss which topological spaces arise as boundaries of Davis complexes. In recent
years there has been an explosion of activity related to the quasi-isometry and
commensurability classification of right-angled Coxeter groups. These results are
discussed in Sections 5 and 6 respectively.
There is a vast body of literature on right-angled Coxeter groups, and the topics
presented here are those that are closest to the expertise of the author. Notably
missing are the numerous results on algorithmic questions, on various notions of di-
mension, and on automorphisms and outer automorphisms of right-angled Coxeter
groups, as well as the countless instances where right-angled Coxeter groups are
used as tools or to produce examples or counterexamples for questions that arise
in another area. There is also a budding theory of random right-angled Coxeter
groups, and we mention a few results about random groups when they touch upon
the topics being discussed.
The author would like to thank Ruth Charney and Genevieve Walsh for help-
ful conversations, Jason Behrstock for comments and help with Section 3.4, and
Matt Haulmark, Ivan Levcovitz, Kim Ruane, and Emily Stark for comments or
corrections on a draft of this survey. A part of this survey was written while the
author was a Michler Fellow at Cornell University. The author would like to thank
the Department of Mathematics at Cornell University for its hospitality and the
Association of Women in Mathematics for the Ruth I. Michler Memorial Prize.
2. Preliminaries
We begin with some graph theoretic terminology and notation which is used in
this survey. A graph is simplical if it has no loops and there is at most one edge
between each pair of vertices. An n-clique is the complete graph on n vertices,
denoted by Kn. Given a graph Γ, the flag complex defined by Γ is the simplical
complex which has Γ as its 1-skeleton, and whose k-simplices are in bijective cor-
respondence with the k-cliques of Γ. If X ⊂ Y , where X,Y are either graphs or
complexes, then we say that X separates Y if Y \X has more than one component.
Given a finite simplicial graph Γ with vertex set V (Γ) and edge set E(Γ), the
right-angled Coxeter group WΓ is the group defined by the following presentation:
WΓ = 〈V (Γ) | v
2 = 1 for all v ∈ V (Γ), [v, w] = 1 if and only if (v, w) ∈ E(Γ) 〉
Throughout this surveyWΓ will denote a right-angled Coxeter group (even when
we don’t explicitly say so). The pair (WΓ, V (G)) is sometimes called a Coxeter
system. The nerve of the Coxeter system is the flag complex L = L(Γ) defined by
Γ. We refer to L and Γ as the defining graph and defining nerve respectively.
A special subgroup ofWΓ is the subgroup generated by the vertices of an induced
subgraph Λ of Γ. (We say that Λ is induced if whenever two vertices of Λ are
connected by an edge of Γ, they are connected by an edge of Λ.) The special
subgroup generated by V (Λ) is isomorphic to WΛ.
Many algebraic and geometric features of the group WΓ can be translated to
properties of the defining graph. Such properties are often called visible or visual.
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We mention a few here pertaining to ends and splittings of groups, that are used
later in this survey.
Lemma 2.1. WΓ is 0-ended ⇐⇒ WΓ is finite ⇐⇒ Γ is a clique.
Let D∞ denote the infinite dihedral group, that is D∞ = WΓ with Γ consisting
of a pair of vertices (with no edge between them).
Theorem 2.2. [MT09, Corollary 17] [Dav08, Theorem 8.7.3 ] WΓ is 2-ended ⇐⇒
WΓ is the product of a (possibly trivial) finite group and a D∞ ⇐⇒ Γ is a pair of
points or the 1-skeleton of a suspension of a clique.
Stallings’ Theorem says that a group has infinitely many ends if and only if it
splits over a finite group. Mihalik and Tschantz [MT09] showed that splittings of
Coxeter groups are visible in the defining graph. For right-angled Coxeter groups
they showed:
Theorem 2.3. [MT09, Corollary 16] WΓ has infinitely many ends ⇐⇒ WG =
A ∗C B, where C is a finite special subgroup, and A and B are non-trivial special
subgroups ⇐⇒ Γ has a separating clique.
Corollary 2.4. WΓ is one-ended ⇐⇒ Γ is not equal to a clique, is connected and
has no separating cliques.
Moreover, any right-angled Coxeter group has a particularly nice graph of groups
decomposition:
Theorem 2.5. [Dav08, Theorem 8.8.2 ][MT09, Corollary 18] A right-angled Cox-
eter group with infinitely many ends splits as a tree of groups where each vertex
group is a 0- or 1- ended special subgroup, and each edge group is a finite special
subgroup.
We will also be interested in splittings over 2-ended subgroups. It follows from
the Main Theorem of [MT09] that:
Theorem 2.6. [MT09] WΓ splits over a 2-ended group ⇐⇒ Γ has a separating
subgraph which is either a pair of points or the 1-skeleton of a suspension of a
clique.
Finally, in a different direction, we mention that the virtual cohomological di-
mension (vcd) of a right-angled Coxeter group can also be computed directly from
its nerve, by the following formula due to Davis.
Theorem 2.7. [Dav08, Corollary 8.5.5] Given a right-angled Coxeter group WL
with nerve L,
vcd(WL) = max{n |H
n−1
(L− σ) 6= 0, for some simplex σ of L}.
3. Actions of right-angled Coxeter groups on non-positively curved
spaces
Exploiting properties of negatively or non-positively curved spaces to draw con-
clusions about groups which act on them geometrically is a central theme in geomet-
ric group theory. Recall that a group action is geometric if it is a proper cocompact
action by isometries. In this section we explore geometric actions of right-angled
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Coxeter groups on non-positively curved spaces. We assume that the right-angled
Coxeter group is not finite. By Lemma 2.1 this is equivalent to the condition that
the defining graph has at least one pair of vertices which are not connected by an
edge.
3.1. CAT(0) cube complexes, virtual specialness. All Coxeter groups (not
just the right-angled ones) are CAT(0) groups: every Coxeter group acts properly
and cocompactly on its Davis complex, which is CAT(0). When the Coxeter group is
right-angled, the Davis complex can be metrized to have the structure of a CAT(0)
cube complex. The precise definition of the Davis complex and the proof that it
is CAT(0) can be found in [Dav08], in Chapters 7 and 12 respectively. Here we
give an idea of the construction in the right-angled case as described in Chapter 1
of [Dav08]. It is reminiscent of the construction of the Salvetti complex associated
to a right-angled Artin group.
Definition 3.1 (Davis complex ΣΓ). Given a graph Γ with n vertices, let L be
the flag complex on Γ. We start by constructing a certain subcomplex PL of
C = [−1, 1]n ⊂ Rn. If we fix an order on the vertex set V (Γ) of Γ, so that the ith
generator of WΓ corresponds to the ith factor of C, then each face of C determines
a unique subset of V (Γ). Define PL to be the subcomplex of C which contains the
face F of C if and only if the subset of V (Γ) corresponding to F is a clique. Then
the Davis complex ΣΓ of WΓ is the universal cover of PL.
The group (Z2)
n acts on C (and hence PL) by reflections in hyperplanes of R
n
passing through the origin. This induces a finer cube complex structure on PL,
which lifts to a cube complex structure on ΣΓ, and the Z
n
2 -action on PL lifts to an
action of WΓ on ΣΓ by cubical isometries. The quotient of ΣΓ by the WΓ action is
equal to the quotient of PL by the Z
n
2 -action. One can verify that ΣΓ is CAT(0)
by checking the Gromov link condition.
Thus right-angled Coxeter groups are CAT(0) cube complex groups. An impor-
tant class of CAT(0) cube complex groups consists of the virtually special ones.
These are groups which have a finite-index subgroup that is the fundamental group
of a special cube complex. Haglund and Wise introduced special cube complexes
in [HW08] in terms of the absence of certain hyperplane pathologies. One can
check directly that these pathologies are absent in PL, and as a result, right-angled
Coxeter groups are virtually (compact) special.
We remark that even the non-right-angled Coxeter groups act on CAT(0) cube
complexes. For any Coxeter group, Niblo and Reeves [NR03] defined a CAT(0)
cube complex on which the Coxeter group acts properly by cubical isometries, but
in general the action is not cocompact. For right-angled Coxeter groups WΓ, these
complexes agree with the Davis complex ΣΓ defined above. In [HW10], Haglund
and Wise used these complexes to show that all Coxeter groups are virtually special.
A long standing open question about general Coxeter groups is whether they are
biautomatic. This would be implied by showing that they are virtually compact
special.
3.2. Hyperbolicity. We now explore which right-angled Coxeter groups exhibit
various degrees of negative curvature, starting with the strongest condition: that
of being (Gromov) hyperbolic. Moussong characterized the hyperbolic right-angled
Coxeter groups in terms of their defining graphs:
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Theorem 3.2. [Mou88] A right-angled Coxeter group WΓ is hyperbolic if and only
if Γ has no induced squares.
A very special class of hyperbolic groups consists of those that act geometrically
on the hyperbolic space Hn of some dimension n. A detailed account of the classical
theory of Coxeter groups acting on the three constant curvature geometries (Sn,
En and Hn) can be found in [Dav08, Chapter 6]. We remark here that by work
of Vinberg, if a right-angled Coxeter group acts geometrically on Hn, then n ≤ 4
(see [Dav08, Corollary 6.11.7]). More generally, Vinberg [Vin85] showed that n ≤ 29
for an arbitrary (non-right-angled) Coxeter group, but examples are known only up
to n = 8. Januszkiewitz and S´wia¸tkowski [JS03] show that if one passes to the class
of hyperbolic Coxeter groups which are Poincaree´ duality groups of dimension n,
then one still has a bound on the dimension (of n = 4 in the right-angled case, and
n = 61 in general).
Vinberg’s bound on the dimension of an Hn admitting a geometric Coxeter
group action led Moussong to conjecture in [Mou88] that there is also a universal
bound on the virtual cohomological dimension of a Gromov hyperbolic right-angled
Coxeter group, and this question was also raised in [Gro93]. Januszkiewicz and
S´wia¸tkowski disproved this in [JS03] by constructing examples of hyperbolic right-
angled Coxeter groups with vcd= n, for any n. To do this they used the theory
of complexes of groups to construct flag simplicial complexes Ln for any n, which
satisfy the conditions in Davis’ formula for the vcd= n (Theorem 2.7 above) and
Moussong’s characterization of hyperbolicity (Theorem 3.2 above).
Subsequently there have been variations of these constructions in [Hag03, JS06,
ABJ+09], which all use complexes of groups machinery. In [Osa13] Osajda gave
a new construction of hyperbolic right-angled Coxeter groups of arbitrarily high
vcd. His defining complexes are constructed by an elementary inductive procedure
that forces the dimension of the complex to go up each time, and does not use
complexes of groups. Osajda points out that the previously known constructions
all yielded examples which are systolic, a condition which forces these groups to
be “asymptotically two-dimensional” in a certain sense. He used the procedure
in [Osa13] to produce examples which are not systolic.
3.2.1. Random right-angled Coxeter groups and hyperbolicity. Gromov [Gro93] in-
troduced the theory of random groups in terms of random presentations, and showed
that the random group (in the few relators model) is hyperbolic. In the density
model, in which the number of relations is allowed to grow with the length of the re-
lations, one has a “phase transition”: when the density is < 1/2, the random group
is infinite and hyperbolic, while when the density is > 1/2, the random group is
finite.
The more natural way to think about random right-angled Coxeter groups is
as those defined by random graphs, for which there is a well-developed theory. In
the Erdo˝s–Re´nyi model, the probability space G(n, p(n)) consists of graphs on n
vertices, with the probability measure coming from independently choosing edges
between pairs of vertices with probability p(n). A property holds asymptotically
almost surely (a.a.s.) if the probabililty that it holds for graphs in G(n, p(n)) tends
to 1 as n tends to infinity. Charney and Farber investigated the hyperbolicity of
random right-angled Coxeter groups with this model, and showed:
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Theorem 3.3. [CF12] The right-angled Coxeter group corresponding to a graph in
G(n, p(n)) is hyperbolic a.a.s. if either p(n)(1 − n)2 → 0 or p(n)n → 0. On the
other hand, if p(n)n → ∞ and (1 − p(n))n2 → ∞ then the random right-angled
Coxeter group is a.a.s. not hyperbolic.
3.3. Relative hyperbolicity. Let G be a finitely presented group and let P be a
finite collection of proper subgroups of G. Recall that G is said to be hyperbolic
relative to P if the coned-off Cayley graph (obtained by collapsing the cosets of P
to finite diameter sets in a Cayley graph of G) is δ-hyperbolic, and if the collec-
tion P satisfies the bounded coset penetration property, which controls the behavior
of quasi-geodesics in the coned-off Cayley graph. A number of definitions of rel-
ative hyperbolicity can be found in the literature. See [Hru10] for the details of
these definitions, and a proof of their equivalence. The relatively hyperbolic struc-
ture (G,P) is said to be minimal, if given any other relatively hyperbolic structure
(G,Q) on G, every group in P is conjugate to some group in Q.
Caprace obtained a criterion for the relative hyperbolicity of general Coxeter
groups in [Cap15, Theorem A′]. (Note that this corrects [Cap09, Theorem A].) The
following is the statement of Caprace’s characterization applied to the special case
of right-angled Coxeter groups, and stated in terms of the defining graph, rather
than in terms of Coxeter systems. To translate from the statement in [Cap15,
Theorem A′] we use the fact that the only irreducible affine right-angled Coxeter
group is WΓ = D∞, for which Γ consists of a pair of vertices not connected by
an edge, which makes the first condition simpler than the general case. In the
statement below, define a graph to be irreducible if it does not split as a join, and
for any graph J ⊂ Γ, define J⊥ to be the subgraph of Γ induced by the generators
in V (Γ) \ V (J) which commute with every element of V (J) (or equivalently, are
connected by an edge of Γ to every element of V (J)).
Theorem 3.4. [Cap15, Theorem A′] Let WΓ be a right-angled Coxeter group, and
let J be a collection of proper induced subgraphs of Γ. Then W is hyperbolic relative
to {WJ | J ∈ J } if and only if the following conditions hold.
(1) For any pair of irreducible non-clique subgraphs L1 and L2 of Γ such that Γ
contains the join of V (L1) and V (L2) (i.e. each vertex of L1 is connected by
an edge of Γ to each vertex of L2), there exists J ∈ J such that L1, L2 ⊂ J .
(2) For all J1, J2 ∈ J with J1 6= J2, the intersection J1 ∩ J2 is a (possibly
empty) clique.
(3) For each J ∈ J and each irreducible non-clique subgraph L ⊂ J , we have
L⊥ ⊆ J .
In [Cap09, Corollary D], Caprace additionally characterizes exactly those Cox-
eter groups which are relatively hyperbolic with isolated flats.
The notion of thickness was introduced in [BDM09] as a geometric obstruction to
relative hyperbolicity. An idea of the definitions of thickness and strong algebraic
thickness is given in Section 5.2. Behrstock, Caprace, Hagen, and Sisto showed
in [BHS17c, Apendix A] that for Coxeter groups, there is in fact a dichotomy: they
are either thick, or relatively hyperbolic relative to thick groups. In the right-angled
case, their theorem says:
Theorem 3.5. [BHS17c] Let T be the class consisting of the finite simplicial graphs
Λ such that WΛ is strongly algebraically thick. Then for any finite simplicial graph
Γ, either: Γ ∈ T , or there exists a collection J of induced subgraphs of Γ such that
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J ⊂ T and WΓ is hyperbolic relative to the collection {WJ |J ∈ J }. In the latter
case, this relatively hyperbolic structure is minimal.
Moreover, Behrstock–Hagen–Sisto provide a characterization of the graphs in T
in terms of an inductively defined property of the defining graph [BHS17c, The-
orem II]. Using this characterization, they obtain a polynomial time algorithm to
decide if a right-angled Coxeter group given by a graph is relatively hyperbolic or
thick [BHS17c, Theorem III].
Thickness and relative hyperbolicity are both quasi-isometry invariants, and as
a result, this Theorem 3.5 above provides a big step in the quasi-isometry classi-
fication of right-angled Coxeter groups. This is discussed further in Sections 5.2
and 5.4. In [BHS17c, BFRHS18], the authors study when random right-angled
Coxeter groups are relatively hyperbolic or thick. These results are discussed in
Section 5.2.1.
3.4. Hierarchical and acylindrical hyperbolicity. Behrstock, Hagen and Sisto
introduced hierarchically hyperbolic spaces in [BHS17a] as a common framework for
studying mapping class groups and cubical groups. A recent survey by Sisto [Sis17]
provides an excellent introduction to the area. As the name suggests, a hierar-
chically hyperbolic space can be thought of as being built up inductively, starting
from a base level consisting of hyperbolic spaces. At the top level, the hierarchi-
cally hyperbolic space is weakly hyperbolic relative to a collection of regions called
standard product regions, meaning that the coned-off space is hyperbolic but the
bounded coset penetration property may not be satisfied. The standard product
regions are themselves hierarchically hyperbolic spaces of lower “complexity”. This
setup is suited to adapting the powerful machinery developed by Masur and Minsky
to study mapping class groups, and allows for inductive arguments.
Behrstock–Hagen–Sisto introduced the notion of a factor system for a cube com-
plex, which is a collection of convex subcomplexes that is uniformly locally finite,
contains all combinatorial hyperplanes, and satisfies a certain projection criterion.
They showed in [BHS17a, Theorem G] that any cube complex which has a factor
system is a hierarchically hyperbolic space, and in [BHS17a, Proposition B] that
the universal cover of any compact special cube complex has a factor system. It
follows that right-angled Coxeter groups are hierarchically hyperbolic.
Another class of groups of great current interest is that of acylindrically hy-
perbolic groups. In [Osi16], Osin showed that the class of groups which admit a
non-elementary, acylindrical action on a hyperbolic space coincides with a number
of different generalizations of relative hyperbolicity in the literature, and initiated a
study of these groups. It is shown in [BHS17a] that under some minimal conditions
(which hold for all right-angled Coxeter groups except those which are direct prod-
ucts), hierarchically hyperbolic groups admit non-elementary acylindrical actions.
In [ABD17] Abbott, Behrstock and Durham show that any hierarchically hy-
perbolic group (in particular, a right-angled Coxeter group which is not a product)
admits a universal acylindrical action, i.e., an acylindrical action such that if a group
element acts loxodromically in some acylindrical action on some hyperbolic space,
then it acts loxodromically in this action. Moreover, they show that there exists a
largest acylindrical action, i.e., an action which is comparable to, and larger than all
other acylindrical actions, in a particular partial order on cobounded acylindrical
actions. In particular, a largest action is universal and unique.
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The areas of hierarchically and acylindrically hyperbolic groups are evolving
quickly, and the resulting theorems should have interesting implications for right-
angled Coxeter groups.
4. Boundaries of right-angled Coxeter groups
Let X be a metric space. The set of boundary points ∂X of X consists of all
equivalence classes of geodesic rays in X , where two rays are equivalent if and only
if they are asymptotic. When X is a CAT(0) space, there is a natural topology on
X ⊔ ∂X , called the cone topology. Roughly speaking, two geodesic rays are close
in the cone topology if they fellow travel for a long distance. The visual boundary
of X is the set ∂X endowed with the cone topology. When X is hyperbolic in
addition, this agrees with the Gromov boundary. See [BH99, Chapter II.8] for
detailed definitions.
As described in Section 4.1 below, the boundaries of hyperbolic spaces which
admit a geometric action by a group behave extremely well. They have some
strong topological restrictions, and some of these can be used to draw conclusions
about the algebraic structure of the group. There has been a lot of work in the
past two decades to understand the extent to which these properties carry over to
the non-positive curvature setting. While some of these questions are hard if one
considers all CAT(0) spaces, right-angled Coxeter groups can provide some insight
into what might be expected in general.
4.1. Boundaries of hyperbolic groups. The homeomorphism type of the visual
boundary of a hyperbolic space is a quasi-isometry invariant. More precisely:
Theorem 4.1. Let X and X ′ be hyperbolic spaces. If f : X → X ′ is a quasi-
isometry then f extends to a homeomorphism from ∂X to ∂X ′.
Moreover, if G is a group acting geometrically on two hyperbolic spaces X and
X ′, then the G-action extends to the boundaries ∂X and ∂X ′, and the natural quasi-
isometry between X and X ′ (through G) induces a G-equivariant homeomorphism
∂X → ∂X ′.
In particular, there is a well-defined notion of the boundary ∂G of a hyperbolic
group G (up to homeomorphism).
Hyperbolicity imposes some additional topological restrictions on the boundary.
By work of Bestvina–Mess [BM91] and Swarup [Swa96] one has that if G is a one-
ended hyperbolic group, then ∂G has no global cut points and is locally connected.
Topological features of the boundary are sometimes manifested in algebraic features
of the group. For instance, Bowditch [Bow98] shows that if G is a one-ended
hyperbolic group which is not cocompact Fuchsian, then local cut points in ∂G
correspond to splittings of G over two-ended subgroups.
Kapovich–Kleiner obtain the following characterization of 1-dimensional bound-
aries of hyperbolic groups.
Theorem 4.2. [KK00] If G is a hyperbolic group with 1-dimensional boundary
which does not split over a finite or 2-ended group, then ∂G is either a circle, a
Sierpinski carpet or a Menger curve.
The proof of Theorem 4.2 uses the topological properties of hyperbolic boundaries
in the previous paragraph together with the following topological characterizations
of the Sierpinski carpet and the Menger curve.
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Theorem 4.3. [Why58, And58a, And58b] Any compact, 1-dimensional, planar,
connected, locally connected space with no local cut points is a Sierpinski carpet.
A compact, metrizable, connected, locally connected, 1-dimensional space is a
Menger curve provided it has no local cut points, and no nonempty open subset is
planar.
The survey [KB02] provides a far more detailed account of boundaries of hyper-
bolic groups.
4.2. Boundaries in the CAT(0) setting. In contrast with the hyperbolic case,
the boundaries of CAT(0) spaces which admit geometric group actions are quite
badly behaved. By now it is well known that even the weakest generalization
of Theorem 4.1 fails: Croke–Kleiner [CK00] give an example of a group acting
geometrically on two CAT(0) spaces whose boundaries are not homeomorphic. In
fact, Wilson [Wil05] showed that the group from [CK00] admits uncountably many
distinct boundaries.
If one considers geometric actions of a group G on two CAT(0) spaces X and Y
which are known to have homeomorphic boundaries, one might ask whether these
boundaries are equivariantly homeomorphic, and moreover, whether the natural
quasi-isometry between X and Y (through G) extends to a homeomorphism of
their boundaries, as in Theorem 4.1. Both of these things turn out to be false in
general. Croke–Kleiner [CK02] and Buyalo [Buy98] gave examples of such X,Y and
G with the property that ∂X and ∂Y are homeomorphic but not G-equivariantly
homeomorphic. Bowers–Ruane [BR96] considered a CAT(0) space X of the form
Tree×R with two different actions by G(= F2×Z). The first was a simple product
action and the other was a “twisted action” obtained by precomposing with an
element of the automorphism group of G. They showed that there exists a G-
equivariant homeomorphism ∂X → ∂X . However, the natural quasi-isometry from
X to itself induced by these actions does not extend to a continuous map on the
boundary.
The groups constructed in [BR96, Buy98, CK00, CK02] are not right-angled
Coxeter groups, but such phenomena exist in the right-angled Coxeter group setting
as well. By considering a right-angled Coxeter group commensurable to F2×Z, and
using the same method as in [BR96], Yamagata [Yam09] constructed a right-angled
Coxeter version of the Bowers-Ruane example. Thus one has:
Theorem 4.4. [Yam09] There exists a right-angled Coxeter group which admits two
different geometric actions on a space X, such that the natural quasi-isometry of X
induced by the two group actions does not extend to a continuous map ∂X → ∂X.
In [Qin16a] and [Qin16b] Qing studied the actions of right-angled Coxeter groups
on the Croke-Kleiner spaces from [CK00]. The group in the Croke-Kleiner example
is the right-angled Artin group whose defining graph is the path of length four. The
corresponding Salvetti complex consists of three tori in a chain, so that the middle
torus is glued to each of the two other tori along a simple closed curve, and the
two simple closed curves in the middle torus intersect exactly once. (See [Qin16a,
Fig 3] for a picture.) One then obtains an uncountable family of CAT(0) spaces by
allowing the angle between the two simple closed curves to be anything in (0, π/2]
and passing to the universal cover. Each such space still admits a geometric action
by the same right-angled Artin group, but Croke and Kleiner showed in [CK00]
that the resulting boundary when the angle is π/2 is not homeomorphic to the
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resulting boundary when the angle is not equal to π/2. Wilson showed in [Wil05]
that in fact, no two angles result in spaces with homeomorphic boundaries.
In [Qin16b], Qing shows that right-angled Coxeter groups are more “geometri-
cally rigid” than right-angled Artin groups, in the following sense: if a right-angled
Coxeter group acts geometrically on one of the Croke-Kleiner spaces above, then
the angle must equal π/2. On the other hand, in [Qin16a] she considers the univer-
sal covers of the spaces obtained by keeping the angle between the two curves equal
to π/2 but varying the lengths of the simple closed curves in the central torus (so
that the tori are built out of rectangles instead of squares). These spaces are still
CAT(0). She shows:
Theorem 4.5. [Qin16a] There exists a right-angled Coxeter group which acts ge-
ometrically on all the Croke-Kleiner spaces obtained by varying the lengths of the
two simple closed curves in the central torus, but the boundaries of these spaces are
not all equivariantly homeomorphic.
It is not known whether the boundaries of the spaces from [Qin16a] are homeo-
morphic, so the following question is still open:
Question 4.6. Is there a right-angled Coxeter group with acts geometrically on
two spaces whose boundaries are not homeomorphic?
4.3. Local connectedness. The results in Section 4.2 show that the boundary of
a CAT(0) group is not well-defined and is not a quasi-isometry invariant in general.
Nevertheless, one could still ask whether there are topological features which are
shared by all the boundaries associated with a particular group. One such property
is local connectedness.
As mentioned in Section 4.1, the boundary of a one-ended hyperbolic group is al-
ways locally connected. The authors of [CM14] point out that although the Croke–
Kleiner group described in Section 4.2 admits uncountably many non-homeomorphic
boundaries, they are all non-locally connected. In fact, the following is still open:
Question 4.7. Is there a CAT(0) group which acts on two different spaces, such
that one has locally connected boundary and the other has non-locally connected
boundary?
There are easy examples of 1-ended groups acting geometrically on CAT(0)
spaces whose boundaries are not locally connected. For example, consider the
group F2 × Z acting on X = T × R, where T is the Cayley graph of F2. Then
∂X is the suspension of a Cantor set, and therefore it fails to be locally connected
everywhere except at the two suspension points. Observe that F2 × Z can also be
written as an amalgamated product of the form Z2 ∗Z ∗Z
2. Mihalik–Ruane [MR01]
generalized this example to show that whenever a group admits a particular type
of “geometric” splitting as an amalgamated product, the boundary of any space
on which the group acts geometrically is non-locally connected. (See [MR01, Main
Theorem] or [MRT07, Theorem 3.3] for a more general version.) They also applied
this to the case of right-angled Coxeter groups and identified a sufficient condition
on the defining graph which guarantees non-locally connected boundary.
In [MRT07], the authors asked whether there is a converse to the Mihalik-Ruane
geometric splitting theorem.
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Question 4.8. [MRT07] Given a CAT(0) space X , can the non-local connected-
ness of the boundary be completely characterized in terms of the existence of a
“geometric” splitting of groups which act on X properly and cocompactly?
In this generality this question remains open but progress has been made in some
cases, as described below.
4.3.1. Isolated flats. In a recent paper, Hruska–Ruane [HR17] show that given a
group G acting geometrically on a one-ended CAT(0) space X with isolated flats,
if ∂X is not locally connected, then G admits a Mihalik–Ruane splitting. Thus
they obtain a complete characterization of non-locally connected boundaries in the
isolated flats setting.
4.3.2. Right-angled Coxeter groups. In [MRT07], Mihalik, Ruane and Tschantz
sought a converse to the Mihalik–Ruane theorem in the case of one-ended right-
angled Coxeter groups. They defined two combinatorial objects associated to the
defining graph of a right-angled Coxeter group: product separators and virtual fac-
tor separators. They point out that if W splits as a visual direct product, then W
has non-locally connected boundary if and only if one of the factor groups does. In
all other cases, they showed the following.
Theorem 4.9. [MRT07] Let WΓ be a one-ended subgroup which does not split
visually as a direct product. If Γ contains a virtual factor separator, then WΓ
has non-locally connected boundary. On the other hand, if Γ contains no product
separator and no virtual factor separator, then WΓ has locally connected boundary.
Camp and Mihalik [CM14] promoted this to a full converse to the Mihalik-Ruane
theorem under the additional hypothesis that W contains no Z3 subgroups.
Theorem 4.10. [CM14] IfWΓ is a one-ended right-angled Coxeter group which has
no visual subgroup isomorphic to (Z2 ∗ Z2)
3 and does not split visually as a direct
product, then WΓ has locally connected boundary if and only if Γ has no virtual
factor separator.
In [Cap09, Corollary D], Caprace characterizes exactly when a right-angled Cox-
eter group is CAT(0) with isolated flats. Combining this with Hruska and Ruane’s
result in Section 4.3.1 will provide further examples of right-angled Coxeter groups
for which the converse to the Mihalik–Ruane theorem holds. However, since there
exist non-hyperbolic right-angled Coxeter groups with 2-dimensional flats that are
not isolated, one still does not have the full converse for right-angled Coxeter groups.
4.4. Topological spaces which arise as boundaries. Kapovich and Kleiner’s
result (Theorem 4.2 above) says that the only spaces which arise in dimension 1 as
boundaries of “indecomposable” hyperbolic groups are S1, the Sierpinski carpet,
and the Menger curve. This prompts some natural questions. Can one characterize
which hyperbolic groups have one of these spaces as their boundary? Which spaces
arise as boundaries of hyperbolic groups in dimension higher than 1? More gener-
ally, which spaces arise as boundaries of CAT(0) spaces which admit a geometric
group action?
The results of [Tuk88, Gab92, CJ94] show that if G is a hyperbolic group with
∂G = S1 such that G acts as a convergence group on ∂G, then G is cocompact
Fuchsian. Champetier [Cha95] showed that the generic finitely presented group
has Menger curve boundary. In light of this Kapovich–Kleiner remark in [KK00]
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that it is “probably impossible to classify hyperbolic groups whose boundaries are
homeomorphic to the Menger curve”. On the other hand, characterizing groups
with Sierpinksi carpet boundary is more approachable, though still challenging
(and still open). Kapovich–Kleiner conjectured that if G is a hyperbolic group
with Sierpinski carpet boundary, then G acts geometrically on a convex subset of
H3 with non-empty totally geodesic boundary.
For right-angled Coxeter groups one can say more, including in the non-hyperbolic
case. Since the boundary is not necessarily well-defined in the non-hyperbolic case,
we use the following convention in this section:
Remark 4.11. In the discussion below, when the right-angled Coxter group is not
hyperbolic, “the boundary” refers to the boundary of the Davis complex.
Define a simplicial complex to be inseparable if it is connected, has no separating
subcomplex which is a simplex, a pair of points, or a suspension of a simplex.
S´wia¸tkowski used this property to characterize when a right-angled Coxeter group
with planar nerve has Sierpinski carpet boundary:
Theorem 4.12. [S´17, Corollary 1.4] If W is a right-angled Coxeter group with
planar nerve L, then ∂W is a Sierpinski carpet if and only if L is inseparable and
distinct from a simplex and from a triangulation of S2.
This generalizes [S´16, Theorem 1], which characterizes the hyperbolic right-
angled Coxeter groups with planar nerves whose boundary is homeomorphic to
the Sierpinski carpet. Note that by Theorems 2.3 and 2.6 above, the inseparability
of the nerve is equivalent to the fact that the group does not split over a finite
or 2-ended group. In the hyperbolic setting (in [S´16]), S´wia¸tkowski uses this fact,
together with the topological properties of hyperbolic boundaries, the Kapovich–
Kleiner theorem (Theorem 4.2 above), and the topological characterization of the
Sierpinski carpet (Theorem 4.3 above), to reduce the proof of Theorem 4.12 to
showing that when the nerve is planar and not a simplex, the boundary of the
group is planar and 1-dimensional. For the latter property, Theorem 2.7 above is
used to conclude that the vcd of the group is 2.
In [S´16], S´wia¸tkowski also provides a conjecture for when an arbitrary (i.e. not
necessarily hyperbolic and not-necessarily right-angled) Coxeter group with pla-
nar nerve has Sierpinski carpet boundary. Haulmark [Hau17, Theorem 1.5] proves
S´wia¸tkowski’s conjecture for Coxeter groups with isolated flats. This is an applica-
tion of the Main Theorem of Haulmark’s paper [Hau17], which is a version of the
Kapovich–Kleiner characterization of 1-dimensional boundaries for groups acting
on CAT(0) spaces with isolated flats. Note that S´wia¸tkowski’s result (Theorem 4.12
above) addresses the right-angled case of the conjecture. Haulmark’s result includes
non-right-angled Coxeter groups.
Planarity of the nerve is an assumption in S´wia¸tkowski’s results characteriz-
ing the right-angled Coxeter groups with Sierpinski carpet boundary. He spec-
ulates in [S´16] that up to taking a product with a finite group, these may be
exactly the hyperbolic groups which have Sierpinski carpet boundary. In upcoming
work [DHW18], the author, Haulmark, and Walsh prove a complementary result,
showing that if Γ is triangle-free and non-planar, and the flag complex L(Γ) is in-
separable, then the boundary of WΓ is non-planar. Combining this with the results
of Kapovich–Kleiner [KK00] and Haulmark [Hau17], and the characterization of
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the Menger curve in Theorem 4.3 above, it follows that if Γ is triangle-free and
non-planar, the flag complex L(Γ) is inseparable, and WΓ is either hyperbolic or
has isolated flats, then the boundary of WΓ is a Menger curve. Haulmark-Nguyen-
Tran [HNT17] also give examples of non-hyperbolic right-angled Coxeter groups
with Menger curve boundary.
In dimensions n > 1, there are still very few explicit topological spaces of dimen-
sion n which are known to be boundaries of hyperbolic groups. Some known ex-
amples are spheres and Sierpinksi compacta (which are boundaries of fundamental
groups of hyperbolic manifolds), and the Menger compacta M2,5 and M3,7 [DO07]
(which are discrete cocompact automorphism groups of right-angled hyperbolic
buildings). In addition, Dranishnikov [Dra99] constructed hyperbolic right-angled
Coxeter groups with boundary equal to the Pontryagin surfaces Πp.
Some other examples of boundaries come from a family of spaces defined as in-
verse limits of certain systems of connected sums of manifolds, introduced by Jakob-
sche [Jak80]. Such spaces are now known as trees of manifolds. Fischer [Fis03]
showed that when the nerve of a right-angled Coxeter system is a connected,
closed, orientable PL manifold, the boundary of the Davis complex is a tree of
manifolds. This was later corrected and extended to the non-orientable case by
S´wia¸tkowski [S´13a].
Fischer’s theorem did not automatically yield hyperbolic groups. In [PS09] Przy-
tycki and S´wia¸tkowski construct flag-no-square triangulations of 3-dimensional PL
manifolds. This together with Fischer’s result and Moussong’s theorem (Theo-
rem 3.2 above) yields hyperbolic right-angled Coxeter groups whose boundaries are
trees of manifolds. Przytycki and S´wia¸tkowski also point out that Dranishikov’s
method together with Fischer’s result can be used to show that the Pontryagin
sphere (which is different from the Pontryagin surfaces Πp) occurs as the boundary
of certain right-angled Coxeter groups. (See Remarks 3.6 and 4.4(1) of [PS09].)
Expanding to the non-hyperbolic case, in addition to the examples of Fischer
mentioned above, S´wia¸tkowski [S´17] gave sufficient conditions on the nerve of a
right-angled Coxeter system which guarantee that the corresponding boundaries
are n-dimensional Sierpinski compacta. Roughly speaking, the criterion says that
Sierpinski compacta occur if the nerve is an (n + 1)-sphere with holes (see [S´17,
Definition 1.2]) such that the boundaries of the holes are “nice” and the holes are
“sufficiently far apart”.
We end this section by mentioning work of S´wia¸tkowski [S´13b] which proposes
a framework for exploring boundaries of groups which is more general than trees
of manifolds. In [S´13b], he introduces and develops the notion of trees of metric
compacta and indicates that such spaces are potential candidates to be boundaries
of groups.
4.5. Additional notes. The results above focus on topological aspects of visual
boundaries of (the Davis complexes of) right-angled Coxeter groups. The interested
reader may wish to consult the work of Hosaka (See [Hos11] and the references
therein) for some finer aspects of the actions of right-angled Coxeter groups on
such boundaries.
By considering the subset of points of the visual boundary of a CAT(0) group
which come from the most “hyperbolic like” geodesics, Charney and Sultan [CS15]
define contracting boundaries which are invariant up to quasi-isometry. These are
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discussed in Section 5.5.1. For relatively hyperbolic groups, Bowditch [Bow12] in-
troduced another boundary, the Bowditch boundary, which generalizes the Gromov
boundary of a hyperbolic group and is also a quasi-isometry invariant under some
assumptions. This is discussed in Section 5.4.3.
5. Quasi-isometry classification
A central question in geometric group theory is that of classifying finitely gen-
erated groups up to quasi-isometry, and of understanding to what extent classes of
groups are quasi-isometrically rigid. A class is quasi-isometrically rigid if any group
quasi-isometric to a group in the class is virtually in the class. Such questions have
been extensively explored for a number of classes of groups, for example lattices in
semi-simple Lie groups, mapping class groups, 3-manifold groups and right-angled
Artin groups.
For right-angled Coxeter groups, one would like to obtain a quasi-isometry clas-
sification in terms of the defining graph Γ. We have already seen that right-angled
Coxeter groups exhibit a variety of different (non-quasi-isometric) geometries (eg.
hyperbolic, relatively hyperbolic, thick), and understanding the quasi-isometry clas-
sification within these classes is a challenging problem which will require an assort-
ment of techniques, and very likely some new quasi-isometry invariants. Below we
outline the progress that has been made on this question so far.
5.1. Ends. The number of ends of a space is a quasi-isometry invariant. It is well
known that any finitely generated group has 0, 1, 2 or infinitely many ends [Hop44].
The 0- and 2-ended cases are easy to understand. All 0-ended groups are quasi-
isometric to the trivial group, and all 2-ended groups are quasi-isometric to Z.
Lemma 2.1 and Theorem 2.2 characterize the 0- and 2-ended right-angled Coxeter
groups in terms of the defining graph.
For the case of infinitely many ends, Theorem 2.5 yields a visual tree-of-groups
decomposition of the right-angled Coxeter group. Now Theorems 0.3 and 0.4 of
Papasoglu–Whyte [PW02] imply that two right-angled Coxeter groups with infin-
itely many ends are quasi-isometric if and only if their tree-of-groups decompositions
have the same set of quasi-isometry types of 1-ended vertex groups.
It follows that classifying the one-ended right-angled Coxeter groups up to quasi-
isometry is the key to understanding the quasi-isometry classification, and for the
remainder of this section, we will restrict to one-ended case. This can be detected
from Γ using Corollary 2.4.
5.2. Divergence and thickness. Given a pair of geodesic rays emanating from a
basepoint, their divergence measures, as a function of r, the length of a shortest path
which connects their time-r points. The divergence of a group is a quasi-isometry
invariant which, roughly speaking, captures the largest possible divergence function
exhibited by any pair of geodesics in a Cayley graph for the group. See [BHS17c],
[DT15] or [Lev18] for a precise definition.
A closely related quasi-isometry invariant is thickness, which was introduced
in [BDM09]. Thick spaces are defined inductively, with the base level, i.e., the
spaces which are thick of order 0, corresponding to spaces with linear divergence.
Then intuitively, a space is thick of order n, if it is a “network” of subsets, each of
which is thick or order n− 1, with the property that any pair of points in the space
can be connected by a chain of subsets which are thick of order n − 1, such that
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successive subsets in the chain have infinite diameter intersection. A refinement
of this notion called strong algebraic thickness which is better suited to finitely
generated groups was introduced in [BD14]. The structure of a network in the
definition of thickness is well suited to obtaining upper bounds on divergence, and
indeed it is proved in [BD14] that any group which is strongly algebraically thick
of order n has divergence at most xn+1.
By the Behrstock–Hagen–Sisto theorem (Theorem 3.5 above), a right-angled
Coxeter group is either relatively hyperbolic or thick. Sisto showed that if a group
is relatively hyperbolic, then its divergence is exponential [Sis12, Theorem 1.3]. On
the other hand it is well known that the divergence of a one-ended finitely presented
group is at most exponential. (See [Sis12, Lemma 6.15].) Thus:
Theorem 5.1. [BHS17c] The divergence of a right-angled Coxeter group is either
exponential (if the group is relatively hyperbolic) or bounded above by a polynomial
(if the group is thick).
In the thick case, the author and Thomas showed:
Theorem 5.2. [DT15] For every positive integer d, there is a right-angled Coxeter
group with divergence xd.
From the point of view of classifying right-angled Coxeter groups up to quasi-
isometry, one would then like to address the following question.
Question 5.3. Characterize the graphs Γ for which the divergence of WΓ is x
d.
For linear divergence, one has the following. (The equivalence of (i) and (iii)
below was proved in [DT15] for Γ triangle-free, while the general proof appears
in [BHS17c])
Theorem 5.4. [DT15, BHS17c] For right-angled Coxeter groupsWΓ, the following
are equivalent: (i) the divergence of WΓ is linear; (ii) WΓ is thick of order 0; and
(iii) WΓ splits as a product or equivalently, Γ splits as a non-trivial join.
In order to characterize the quadratic divergence case, the author and Thomas
defined a graph theoretic property called CFS on triangle-free graphs in [DT15],
which was generalized to all graphs in [BFRHS18]. Roughly speaking, the CFS
property says that the graph can be built out of squares in such a way that every
two squares are connected by a “chain” of squares, where successive squares in a
chain intersect along a diagonal. (See [BFRHS18] for the definition in the general
case.) This condition guarantees that the corresponding Davis complex is built out
of “chains” of flats, where successive flats in a chain have infinite diameter inter-
sections. As a result, the group is thick of order 1, and has quadratic divergence.
In fact, the following is true:
Theorem 5.5. [DT15, Lev18] A right-angled Coxeter group WΓ has quadratic di-
vergence if and only if Γ is CFS. If Γ is not CFS then the divergence of WΓ is at
least cubic.
This was proved in [DT15] in the 2-dimensional case (when Γ is triangle free)
and was generalized to all dimensions by Levcovitz in [Lev18]. The challenge here is
to show that when the CFS property fails, the group actually has cubic divergence.
This is done in [DT15] by analyzing certain van Kampen diagrams. In [Lev18],
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Levcovitz introduces a useful tool for obtaining such lower bounds on divergence in
CAT(0) cube complex groups, called the hyperplane divergence function.
A full characterization of the right-angled Coxeter groups which have divergence
xd for d > 2 is still open, but Levcovitz makes significant progress in [Lev18, Lev17].
In [Lev18] he defines a rank n pair to be a pair of non-adjacent vertices satisfying
a certain inductive criterion. Roughly, a non-adjacent pair is rank 1 if it is not
contained in any square, and rank n if the link of at least one of the vertices in the
pair has the property that every pair of vertices is a rank n− 1 pair. He shows that
the existence of such a pair implies a lower bound of xn+1 on the divergence.
In [Lev17], he defines the hypergraph index (which for a thick group is always
a non-negative integer), and proves that it is a quasi-isometry invariant for 2-
dimensional right-angled Coxeter groups. Furthermore, he proves that having hy-
pergraph index n implies that the group is thick of order at most n and has diver-
gence at most xn+1. Combining these two ideas, he obtains the following theorem,
which in particular recovers the examples of Theorem 5.2 above:
Theorem 5.6. [Lev18, Lev17] If Γ contains a “rank n pair” and has hypergraph
index n, then WΓ has divergence x
n+1.
The advantage of the hypergraph index over thickness and divergence is that
it is defined by an algorithmic graph theoretic procedure, and is therefore always
computable.
Conjecture 5.7. [Lev17] The notions of hypergraph index n, thickness of order n
and divergence xn+1 are equivalent.
Levcovitz points out that the conjecture is true in the cases n = 0 and n = 1.
5.2.1. Random right-angled Coxeter groups, thickness, and relative hyperbolicity.
In [BHS17c, Section 3], Behrstock, Hagen, and Sisto consider random right-angled
Coxeter groups in the context of thickness and relative hyperbolicity, continuing
the study begun by Charney–Farber. (See Section 3.2.1 above). In this setting, the
probability function p(n) can be thought of as an analog of the density in Gromov’s
density model. In [BHS17c, Figure 5], the authors give a conjectural picture of
threshold intervals for p(n) which should correspond to relative hyperbolicity or
thickness of various orders. Roughly, the random right-angled Coxeter group should
be relatively hyperbolic at low densities. Then there should be a sequence of non-
overlapping threshold intervals of densities above that corresponding to groups that
are thick of various orders, and finally, the groups should be virtually cyclic or finite
at the highest densities. In [BHS17c, Section 3], they prove a number of results
which make progress towards this conjectural picture, including Theorem 3.4 which
obtains a (low density) threshold for the random group to be relatively hyperbolic,
and Theorem 3.9, which obtains (high density) thresholds for the random group to
be finite, virtually cyclic and thick of order 0.
This theme is continued in [BFRHS18], where Behrstock, Falgas-Ravry, Hagen
and Susse obtain a threshold interval for a random group to be thick of order 1:
Theorem 5.8. [BFRHS18, Corollary 3.2] There exists a constant C > 0 such that
if
(
C logn
n
) 1
2
≤ p(n) ≤ 1− (1+ǫ) logn
n
for some ǫ > 0, then the random right-angled
Coxeter group defined by a graph in G(n, p(n)) is a.a.s. thick of order exactly 1 and
has quadratic divergence.
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The authors observe that if Γ is CFS and Γ does not split as a non-trivial join,
then WΓ is thick of order exactly 1. They obtain threshold probability functions
which guarantee that a random graph has these properties, and use these to prove
the above theorem. Moreover, they also show:
Theorem 5.9. [BFRHS18, Theorem 5.7] If p(n) ≤ 1√
n logn
, then Γ ∈ G(n, p(n))
is a.a.s. not in CFS.
Combining this with Theorem 5.5 above, one sees that if p(n) is as in the theorem,
then a right-angled Coxeter group defined by a graph in G(n, p(n)) a.a.s. has at
least cubic divergence. Behrstock, Falgas-Ravry, Hagen and Susse conjecture that
there is a sharp threshold function below which Γ is a.a.s. not CFS, and above
which Γ is a.a.s. CFS. See [BFRHS18, bottom of page 4 and Remark 5.8] for a
discussion of this conjecture.
5.3. Hyperbolic groups. It is well-known that hyperbolicity is a quasi-isometry
invariant. Some of the simplest examples of hyperbolic right-angled Coxeter groups
are ones whose defining graphs are n-cycles Γn, where n ≥ 5. The generators of
WΓn act on H
2 by reflections in a right-angled hyperbolic n-gon. It is well known to
the experts that the only Coxeter groups which act properly and cocompactly on H2
(i.e., the only cocompact Fuchsian Coxeter groups) are direct products of hyperbolic
polygon reflection groups with finite (possibly trivial) Coxeter groups. An explicit
proof is recorded in [DT17, Appendix A]. By the Milnor–Sˇvarc lemma, these are all
quasi-isometric to each other. Moreover work of Tukia [Tuk88], Gabai [Gab92] and
Casson–Jungreis [CJ94] shows that cocompact Fuchsian groups form a rigid quasi-
isometry class, i.e., any finitely generated group quasi-isometric to a cocompact
Fuchsian group is cocompact Fuchsian. A direct proof of this fact for 2-dimensional
right-angled Coxeter groups is given in [DT17]. It follows that
Theorem 5.10. For 2-dimensional right-angled Coxeter groups, being cocompact
Fuchsian, being quasi-isometric to a cocompact Fuchsian group, and having an n-
cycle with n ≥ 5 as defining graph are all equivalent.
Papasoglu [Pap05] showed that the property of splitting over a 2-ended subgroup
is a quasi-isometry invariant for groups which are not cocompact Fuchsian.
For one-ended hyperbolic groups which are not co-compact Fuchsian and which
split over a 2-ended subgroup, Bowditch [Bow98] defined a JSJ tree which encodes
all of the canonical splittings over 2-ended subgroups. A key feature of this tree is
that its vertices (of which there are three types) and edges are defined in terms of
subsets of local cut points in the visual boundary. Then it is immediate that given
any quasi-isometry between two groups, the corresponding boundary homeomor-
phism (guaranteed by Theorem 4.1) preserves these features of the visual boundary,
and there is a type-preserving isometry between the corresponding JSJ trees. In
other words, Bowditch’s JSJ tree is a quasi-isometry invariant.
We now focus on 2-dimensional right-angled Coxeter groups, i.e., the ones with
Γ triangle-free. Applying Theorems 2.3, 3.2, 5.10, and 2.6 to this case, one easily
obtains assumptions on the graph Γ which guarantee that WΓ is 2-dimensional and
satisfies the hypotheses of Bowditch’s theorem:
Assumptions 5.11. The graph Γ
(1) has no triangles (WΓ is 2-dimensional);
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(2) is connected and has no separating vertices or edges (WΓ is 1-ended);
(3) has no squares (WΓ is hyperbolic);
(4) is not a cycle of length ≥ 5 (WΓ is not cocompact Fuchsian); and
(5) has a separating pair of non-adjacent vertices (WΓ splits over a 2-ended
subgroup).
For such groups, the author and Thomas gave a description of the JSJ tree in
terms of Γ:
Theorem 5.12. [DT17] For Γ satisfying Assumptions 5.11, the Bowditch JSJ
tree for WΓ can be described visually in terms of Γ. The vertices and edges of Γ
correspond to subsets of vertices of Γ satisfying explicit graph theoretic conditions.
A detailed statement of this visual description is given in [DT17, Theorem 3.37].
From this description it is immediate that the Bowditch tree can be computed
algorithmically for these groups.
The three types of vertices in Bowditch’s tree are called finite-order, quadratically
hanging (or maximal hanging Fuchsian), and rigid (or stars). The author and
Thomas show that the JSJ tree of WΓ with Γ satisfying Assumptions 5.11 has rigid
vertices if and only if Γ as aK4 minor (i.e., a subgraph which is a subdivided copy of
K4). This is useful because when there are no rigid vertices, the Davis complex can
be thought of as being built out of “fattened trees” of uniformly bounded valence,
glued along their boundary components. Then an isomorphism between the JSJ
trees of two groups together with this “tree of fattened trees” structure can be used
to construct a quasi-isometry between the groups themselves. Such a construction
was first used by Berhstock–Neumann in [BN08], and then by Malone in [Mal10]
and Cashen–Martin in [CM17].
In light of the above discussion, we restrict to the following class of groups.
Definition 5.13. Let G be the class of graphs satisfying Assumptions 5.11 which
have no K4 minors. Let WG denote the class of Coxeter groups defined by graphs
in G.
For the class WG the author and Thomas show:
Theorem 5.14. [DT17] The Bowditch JSJ tree is a complete quasi-isometry in-
variant for WG . More precisely, two groups in WG are quasi-isometric if and only
if there is a type preserving isomorphism between their JSJ trees.
It follows that the quasi-isometry problem is decidable for WG. Moreover, the set
of quasi-isometry classes of WG is recursively enumerable.
This leaves a number of open questions:
Question 5.15. What happens when there are rigid vertices? Can the “no K4
minor” condition implicit in Theorem 5.14 be removed?
In the trees obtained in Theorem 5.12, the rigid vertices are all virtually free.
Consequently, one can use techniques developed by Cashen and Macura [CM11]
to handle quasi-siometries preserving line patterns in free groups to analyze this
situation. Using this, Cashen, the author, and Thomas show (in an appendix
to [DT17]) that the situation is different when there are rigid vertices.
Theorem 5.16. [DT17, Appendix B] Let Wn be the right-angled Coxeter group
defined by a “sufficiently subdivided” copy of Kn for n ≥ 4, where Kn is the complete
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graph on n vertices. Then the JSJ trees of Wn with n ≥ 4 are all isomorphic.
However, Wm is quasi-isometric to Wn if and only if m = n.
Thus the Bowditch JSJ tree is not a complete invariant in the presence of rigid
vertices, and in particular, the “no K4” assumption cannot be removed. Neverthe-
less, the techniques of [CM11] and [CM17] can probably be used to say more about
the case in which the JSJ trees have rigid vertices.
Question 5.17. What happens when Γ is not triangle-free (so that the Davis
complex of WΓ is not 2-dimensional)?
It should be possible to adapt the methods used in [DT17] to obtain a visual de-
scription of the Bowditch JSJ tree for the 2-dimensional case to higher dimensions,
but the statements of the characterizations of the various types of vertices would
necessarily be more complicated. A discussion of this is included in the introduction
to [DT17].
Question 5.18. What happens when the hyperbolic groups do not split over a
2-ended group?
Any such groups have trivial JSJ tree, and the method of [DT17] does not apply.
Theorem 2.6 gives a characterization of the graphs which define the right-angled
Coxeter groups which do not split over 2-ended subgroups. There are many such
graphs which define hyperbolic groups; an explicit example is the Petersen graph.
When the graph is triangle-free Theorem 4.2 tells us that the boundary of the
group must be homeomorphic to the Sierpinski carpet or the Menger curve. Thus
one needs more refined quasi-isometry invariants here.
5.4. Relatively hyperbolic groups. The theorems of Caprace and Behrstock–
Hagen–Sisto (Theorems 3.4 and 3.5 above) can be used to identify the right-angled
Coxeter groups that are relatively hyperbolic, and also minimal peripheral struc-
tures for them. At the moment we are very far from a full classification of the
relatively hyperbolic right-angled Coxeter groups, but recently, there has been a
burst in activity on exploiting known results on quasi-isometries between relatively
hyperbolic groups (eg. from [BDM09, DS05, Gro13]) and obtaining new invariants
to distinguish particular (families of) relatively hyperbolic right-angled Coxeter
groups. We describe these results here.
5.4.1. Generalized theta graphs. In a precursor to [DT17], the author and Thomas
introduced generalized theta graphs to generalize the family of right-angled Coxeter
groups studied in [CP08]. These are examples of graphs in the family G from
Definition 5.13, and are defined as follows.
Definition 5.19. A generalized theta graph is a graph with two distinguished
vertices of valence k ≥ 3, with k branches connecting them. The ith branch has ni
valence 2 vertices and ni+1 edges, with nk ≥ . . . n1 ≥ 1. The linear degree l is the
cardinality of {ni |ni = 1}, and the hyperbolic degree is k − l.
It is immediate from Theorem 3.2 that a group defined by a generalized theta
graph is hyperbolic if and only if the linear degree is at most 1. When the linear
degree l is at least 2, Theorem 3.4 shows that the group is hyperbolic relative to
the special subgroup generated by the two vertices of valence 2 together with the l
vertices along the paths with ni = 1. Hruska–Stark–Tran [HST17] use the work
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of Drut¸u–Sapir [DS05] to classify the relatively hyperbolic groups in this family up
to quasi-isometry. Combining the results of [DT17] classifying the hyperbolic ones
with the results of [HST17] one has the following theorem:
Theorem 5.20. [DT17, HST17] Let W and W ′ be right-angled Coxeter groups
defined by generalized theta graphs with linear degrees l and l′ and hyperbolic degrees
h and h′ respectively. Assume l ≤ l′. Then W and W ′ are quasi-isometric if and
only if one of the following holds.
(1) l = l′ ≤ 1 and h = h′
(2) l = 0, l′ = 1 and h = 2(h′ − 1)
(3) l = l′ = 2 and h, h′ ≥ 1
(4) l, l′ ≥ 3 and h, h′ ≥ 1
(5) l, l′ ≥ 3 and h = h′ = 0
One interesting consequence of this description is that there are infinitely many
quasi-isometry classes among the hyperbolic groups in the above family (for example
when l = l′ = 0, the hyperbolic degree determines the quasi-isometry class) but
there are only three quasi-isometry classes among the relatively hyperbolic ones
(i.e., the ones coming from the last three conditions in the theorem).
5.4.2. Divergence spectrum. The divergence of a space essentially captures the larg-
est possible divergence function of any pair of geodesics in the space. Thus one loses
all of the information about pairs of geodesics that diverge at a lower rate. Charney
proposed considering the whole spectrum of divergences seen in a group as a way
of potentially capturing more information. Tran gave a precise definition of the
divergence spectrum in [Tra18], proved it is a quasi-isometry invariant, and used it
to distinguish a family of right-angled Coxeter groups. (See Figure 1 in [Tra18] for
a picture of the defining graphs of groups in this family.) He points out that this
particular family consists of relatively hyperbolic groups, and could also have been
distinguished using existing results for relatively hyperbolic groups. However, it is
conceivable that such an approach could help distinguishing other groups.
5.4.3. Bowditch Boundary. Bowditch [Bow12] introduced a boundary for relatively
hyperbolic groups which generalizes the Gromov boundary of hyperbolic groups as
well as the limit set of a geometrically finite Kleinian group. There is an equivalent
definition of relatively hyperbolic groups using a certain cusped space which is hy-
perbolic, instead of the coned-off Cayley graph, and the Bowditch boundary is the
Gromov boundary of this cusped space. This is shown to be a quasi-isometry in-
variant in [Gro13]. In [HNT17] Haulmark–Nguyen–Tran provide more information
on the structure preserved by a homeomorphism of Bowditch boundaries which is
induced by a quasi-isometry of groups.
In [DT17], which concerns hyperbolic right-angled Coxeter groups, the visual
construction of the JSJ tree is obtained by relating separation properties of lo-
cal cut points in the visual boundary to separation properties of vertices in the
defining graph. The tree is then used as a quasi-isometry invariant. In a similar
manner, Haulmark–Nguyen–Tran relate cut points and non-parabolic cut pairs in
the Bowditch boundary of a relatively hyperbolic group to properties of the defining
graph (see Theorems 1.1 and 1.3 of [HNT17]). This provides them with new quasi-
isometry invariants, which they use to distinguish particular right-angled Coxeter
groups (see Examples 3.7 and 3.10 of [HNT17]).
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Furthermore, they obtain a theorem similar to S´wia¸tkowski’s result characteriz-
ing the right-angled Coxeter groups with Sierpinski carpet boundary (Theorem 4.12
above): they give necessary and sufficient conditions for a relatively hyperbolic
right-angled Coxeter group with planar defining graph to have Bowditch boundary
equal to S2 or equal to the Sierpinski carpet. This allows them (in Example 4.15
of [HNT17]) to distinguish (up to quasi-isometry) a pair of specific right-angled
Coxeter groups which both have Sierpinski carpet visual boundary, but with dis-
tinct Bowditch boundaries (equal to S2 in one case and the Sierpinski carpet in the
other). They also use the Bowditch boundary to show (in Lemma 5.7) that two
right-angled Coxeter groups whose visual boundaries are both Menger curves are
not quasi-isometric.
5.5. Other leads for investigating quasi-isometry classification. Here we
mention a few other quasi-isometry invariants which have the potential to be useful
for distinguishing right-angled Coxeter groups.
5.5.1. Contracting boundaries. Recall that the boundary of a CAT(0) group is not a
quasi-isometry invariant (and is not even well-defined). Charney and Sultan [CS15]
defined contracting boundaries for CAT(0) groups, which they proved to be quasi-
isometry invariants. (These were generalized to the setting of arbitrary proper geo-
desic metric spaces by Cordes [Cor17], and are now also called Morse boundaries.)
Roughly speaking these boundaries pick up only the geodesic rays which demon-
strate the most “hyperbolic behavior”. As a set, the contracting boundary is the
collection of contracting (or equivalently Morse) geodesic rays. When endowed with
a certain direct limit topology, this becomes a quasi-isometry invariant. Charney
and Sultan used the contracting boundary to distinguish two specific right-angled
Coxeter groups. (See Figure 8 of [CS15] for the defining graphs of these groups.)
It follows from [CH17, Theorem F] (and is implicit in [CS15]) that the contracting
boundary of any right-angled Artin group is totally disconnected. Charney and
Sisto asked if the same is true for thick right-angled Coxeter groups. A rather
surprising example of Behrstock answers this in the negative, and also resolves
some other questions in geometric group theory.
Theorem 5.21. [Beh17] There exists a right-angled Coxeter group WΓ such that
(1) WΓ has quadratic divergence, or equivalently, by Theorem 5.5, Γ is CFS
(2) WΓ contains a closed hyperbolic surface subgroup which is quasi-geodesically
stable
(3) WΓ contains a topologically embedded circle in its contracting boundary.
In particular, (3) implies that the contracting boundary of WΓ is not totally
disconnected, and (2) answers a question of Taylor about quasi-geodesically stable
subgroups. See Figure 1 of [Beh17] for a picture of a Γ which defines an example
WΓ as in Theorem 5.21 (there are endless variations, as will be evident from the
following description). It is implicit in the definition of the CFS property that
when one adds edges between existing vertices of a CFS graph, the resulting graph
remains CFS. To construct his example, Behrstock adds edges to a CFS graph so
that the new edges form an induced cycle of length ≥ 5. The quasi-geodesically
stable surface subgroup is then a finite-index subgroup of the special subgroup
of WΓ corresponding to this cycle, and the topologically embedded circle in the
contracting boundary is the boundary of this special subgroup.
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Cordes and Hume [CH17] have defined two quasi-isometry invariant notions of
dimension for Morse boundaries, the stable dimension and the Morse capacity di-
mension, which may also prove useful.
5.5.2. Exploiting the hierarchically hyperbolic structure. An important step in many
quasi-isometric rigidity and classification results is showing that quasi-isometries
take maximal dimensional flats close to flats. In a recent paper, Behrstock–Hagen–
Sisto [BHS17b] show that any maximal dimensional quasiflat in a hierarchically
hyperbolic group lies within a finite distance of a union of standard orthants (un-
der some mild conditions). Moreover, they show that any quasi-isometry between
hierarchically hyperbolic spaces induces a quasi-isometry between certain factored
spaces, which are simpler than hierarchically hyperbolic spaces. They outline a
strategy for using these results to prove quasi-isometric rigidity and classification
results for right-angled Coxeter and Artin groups.
6. Commensurability questions
Two groups are (abstractly) commensurable if they have isomorphic finite-index
subgroups. From this it is immediate that commensurability implies quasi-isometry.
In some classes of groups commensurability turns out to be equivalent to quasi-
isometry (eg. non-uniform lattices of PSL2(C) are quasi-isometric if and only if
they are commensurable [Sch95]), but this is not true in general (eg. uniform lattices
in PSL2(C) are all quasi-isometric but are not all commensurable [Mar75]).
6.1. Commensurability classification in right-angled Coxeter groups. First
consider the class of right-angled Coxeter groups defined by n-cycles with n ≥ 5.
Any such group is generated by reflections in the sides of a right-angled n-gon in
H2, which is finitely covered by a closed hyperbolic surface, and this in turn finitely
covers the closed surface of genus two. It follows that all groups in this class are
commensurable, and therefore quasi-isometric to each other. In particular, com-
mensurability and quasi-isometry are equivalent for this class.
However, the situation is very different for right-angled Coxeter groups defined
by generalized theta graphs. (See Definition 5.19.) For these groups the author,
Stark and Thomas obtain certain Euler characteristic vectors as commensurability
invariants [DST16]. Every right-angled Coxeter group WΓ has a well-defined Euler
characteristic, which is equal to the Euler characteristic of the orbicomplex obtained
by taking the quotient of the Davis complex by the action of WΓ, but it can also
be written as a formula involving the cardinalities of the vertex and edge sets of
Γ. (See [DST16, Definition 1.4].) Given a generalized theta graph with k branches,
there is an associated to it an Euler characteristic vector in Qn whose ith entry is
the Euler characteristic of the special subgroup defined by the ith branch. Then
one has:
Theorem 6.1. [CP08, DST16] Let W and W ′ be right-angled Coxeter groups de-
fined by generalized theta graphs with linear degrees l, l′ ≤ 1 respectively. The Euler
characteristic vectors associated to W and W ′ determine whether or not W and
W ′ are commensurable. In particular, when l = l′ = 0, the groups W and W ′ are
commensurable if and only if their Euler characteristics are commensurable.
Here two vectors are said to be commensurable if they have integer multiples
that are equal. The case of generalized theta graphs with three branches and
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linear degree 1 was done by Crisp–Paoluzzi in [CP08]. Their result was gener-
alized to all hyperbolic right-angled Coxeter groups defined by generalized theta
graphs in [DST16]. Combining Theorems 5.20 and 6.1, one has that there are
infinitely many commensurablity classes in each quasi-isometry class containing a
right-angled Coxeter group defined by a generalized theta graph. For example, if
l = l′ = 0 and W and W ′ have the same hyperbolic degree, then W and W ′ are
quasi-isometric but not necessarily commensurable.
When the generalized theta graph defines a non-hyperbolic group, i.e., when the
linear degree is ≥ 2, then Hruska–Stark–Tran show:
Theorem 6.2. [HST17] If the two groups have commensurable Euler characteristic
vectors, then the groups are commensurable.
They remark that the following is still open, but indicate that it reduces to the
case when the two groups in W have the same linear degree.
Question 6.3. Is the converse of Theorem 6.2 true?
Theorem 6.1 fits into a larger commensurability classification program where
progress is conceivable, namely the setting of the groups WG from Definition 5.13:
Question 6.4. Classify WG up to commensurability.
This is a natural family to consider in light of Theorem 5.14, which enables one
to completely understand the quasi-isometry classification of groups in this family.
One would then like to find complete commensurability invariants for the class of
groups which have the same JSJ tree.
With this ultimate goal in mind, the author, Stark and Thomas [DST16] con-
sidered the family of groups defined by cycles of generalized theta graphs, which
roughly speaking consist of (at least three) generalized theta graphs arranged in a
circle by identifying them along their distinguished vertices. (See [DST16, Defini-
tion 1.10] for a precise definition.) They associate to each group defined by such a
graph a collection of Euler characteristic vectors, and show:
Theorem 6.5. LetWΓ and WΓ′ be two groups defined by cycles of generalized theta
graphs. There is a set of conditions which are both necessary and sufficient for WΓ
and W ′Γ′ to be commensurable. These conditions can be stated purely in terms of
the associated Euler characteristic vectors and their commensurability classes, and
therefore are determined Γ and Γ′.
The proof of both directions make rather strong use of the fact that these gener-
alized theta graphs are arranged in a cyclic pattern. The unfortunate consequence
of this is that generalizing this to all of G does not seem practical.
6.2. Commensurability between classes of groups. Using commensurability
to import information that is known for one class of groups to another class of
groups is sometimes a fruitful strategy. Most notably, tremendous milage has been
obtained from Davis and Januszkiewicz’ result [DJ00] that every right-angled Artin
group is commensurable to some right-angled Coxeter group. For instance, this
implies that right-angled Artin groups are linear, which is a key step of Agol’s
proof of the virtual Haken conjecture.
Here we highlight a few instances of commensurabilities between classes of groups
where one of the classes is right-angled Coxeter groups.
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6.2.1. 3-manifold groups. One could ask which right-angled Coxeter groups are
virtually 3-manifold groups. Davis–Okun [DO01] give a construction to show that
if the nerve of WΓ is planar, connected and triangle-free, then WΓ acts properly
on a contractible 3-manifold. Droms [Dro03] showed that the cover of the Davis
complex corresponding to the commutator subgroup of WΓ (which is the complex
PL from Definition 3.1) embeds in a 3-manifold if and only if Γ is planar. (Here Γ
is not required to be triangl-free.) He used this to prove constructively that if Γ
is planar, then WΓ is virtually a 3-manifold group. On the other hand he showed
that the group defined by K3,3 is not a 3-manifold group.
6.2.2. Geometric amalgams of free groups. In [Laf07], Lafont introduced surface
amalgams, which are spaces that are constructed by gluing surfaces with boundary
along their boundary components in such a way that each boundary component
is identified with at least two others and the resulting space has no free boundary
components. Thus the neighborhood of any point in the resulting space is home-
omorphic to either an open disk in R2 or to S × I, where S is a star with n ≥ 3
prongs and I is an interval in R. The fundamental groups of these spaces, called
geometric amalgams of free groups, are graphs of groups with edge groups all equal
to Z and vertex groups that alternate between free groups and Z’s. See [DST16]
or [Laf07] for a precise definition.
Surface amalgams play a crucial role in the proofs of the commensurability re-
sults of [CP08, DST16]. Lafont [Laf07] showed that geometric amalgams of free
groups are topologically rigid, meaning that any isomorphism of their fundamental
groups induces a homeomorphism of the surface amalgams. Crisp–Paoluzzi defined
piecewise hyperbolic orbicomplexes for the groups they considered, and then used
topological rigidity to obtain their necessary conditions on commensurability by
observing that the covers of their orbicomplexes which correspond to torsion-free
finite-index subgroups of the right-angled Coxeter groups are necessarily surface
amalgams.
In [DST16] the authors construct a piecewise hyperbolic orbicomplex correspond-
ing to each group in WG and again apply topological rigidity. (We remark that
defining these new orbicomplexes is necessitated by the fact that topological rigid-
ity fails for quotients of the Davis complex [Sta16].) These orbicomplexes admit
particularly nice degree 16 covers which are surface amalgams. In particular, every
right-angled Coxeter group WΓ ∈ WG is commensurable to a geometric amalgam
of free groups, and the underlying graph of the latter is obtained by applying an
easy transformation to Γ.
It is also shown in [DST16] that every geometric amalgam of free groups whose
defining graph is a tree is commensurable to a right-angled Coxeter group. As a
corollary, one has the commensurability classification of geometric amalgams of free
groups whose defining graphs are trees of diameter at most 4.
On the other hand, an example is given in [DST16] of a geometric amalgam of
free groups which is not quasi-isometric, hence not commensurable, to any right-
angled Coxeter group. This leads to the question:
Question 6.6. Which geometric amalgams of free groups are commensurable to
right-angled Coxeter groups in WG?
Stark makes some progress on this in upcoming work [Sta17], where she studies
the class C of 1-ended hyperbolic groups that are not cocompact Fuchsian and
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whose JSJ tree does not contain any rigid vertices. A consequence of the work
in in [DST16] is that for groups in C, the following properties are all equivalent:
being quasi-isometric to a right-angled Coxeter group, being quasi-isometric to a
group which is generated by finite-order elements, and being quasi-isometric to a
group with JSJ graph (i.e., the quotient of the JSJ tree by the group action) a tree.
In [Sta17], Stark produces a concrete graph theoretic criterion which is equivalent
to the above properties. Her criterion is in terms of certain graphs associated to
degree refinements of JSJ trees; the latter are certain finite matrices which encode
the JSJ tree.
Stark also shows that there exists a group in C which is quasi-isometric to a right-
angled Coxeter group, but is not commensurable to any right-angled Coxeter group.
Thus the set of right-angled Coxeter groups within C is not quasi-isometrically rigid.
In the surface amalgams considered in [DST16], the gluing maps of the boundary
components are all homeomorphisms. Hruska-Stark-Tran [HST17] explore what
happens when the gluing maps are allowed to have degree > 1. Specifically the
surface amalgams they consider ith boundary curve of the annulus is mapped to a
simple closed curve in Si by a degree mi map. They show that each fundamental
group in the class they consider is commensurable to a right-angled Coxeter group
with defining graph a generalized theta graph. They use this to carry out the
quasi-isometry classification in their family and to conclude that the each group in
the family of groups they consider is virtually a 3-manifold group, using the result
of Davis–Okun mentioned in Section 6.2.1. (We remark that they also determine
which groups in the family are actually 3-manifold groups.)
6.2.3. Right-angled Artin groups. Davis–Januszkiewicz [DJ00] showed that every
right-angled Artin group is commensurable to (and in fact is a finite index subgroup
of) some right-angled Coxeter group. It is natural to ask to what extent the converse
is true:
Question 6.7. Obtain necessary and sufficient conditions on Γ such that WΓ con-
tains a right-angled Artin group of finite index.
It is quite easy to see that there are right-angled Coxeter groups which are not
quasi-isometric, and hence not commensurable to any right-angled Artin group, us-
ing for example, the divergence function. As discussed in Section 5.2, the functions
ex or xd for d ∈ Z+ all occur as divergence functions of one-ended right-angled
Coxeter groups, but the divergence of a one-ended right-angled Artin group is at
most quadratic [BC12]. Thus by Theorem 5.5 above, if WΓ is one-ended and is
commensurable to a right-angled Artin group, Γ must be CFS or a non-trivial join.
Quite surprisingly, this is not enough. Behrstock’s example in Theorem 5.21 shows
that there is a CFS right-angled Coxeter group which is not commensurable (or
even quasi-isometric) to any right-angled Artin group (since its contracting bound-
ary cannot be homeomorphic to the contracting boundary of a right-angled Artin
group).
LaForge investigated Question 6.7 in his PhD thesis [LaF17], resolving the special
cases whenWΓ is hyperbolic or virtually free. In the general setting, he focussed on
visible subgroups of right-angled Coxeter groupsWΓ, whose generators are elements
of WΓ of the form ab, where a and b are not adjacent in Γ. He identified certain
graph theoretic criteria (the star cycle and chain chord conditions) which prevent
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visible subgroups from being right-angled Artin groups. The answer to Question 6.7
remains open in general.
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